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THE ALMOST GLOBAL EXISTENCE TO CLASSICAL SOLUTION
FOR A 3-D WAVE EQUATION OF NEMATIC LIQUID-CRYSTALS
YI DU, GENG CHEN, AND JIANLI LIU
Abstract. In this paper we obtain the wave equation modeling the nematic liquid-
crystals in three space dimensions and study the lifespan of classical solution to
Cauchy problem. The almost global existence to classical solution for small initial
data will be presented.
Keywords: Variational wave equation; liquid-crystal; almost global existence.
1. Introduction
1.1. Physical background. Liquid crystals are a state of matter that have properties
between those of a conventional liquid and those of a solid crystal that are optically
anisotropic, even when they are at rest. In this paper, we shall study a variational wave
system from liquid crystal.
At the beginning, we introduce the physical derivation by the least action principle for
the variational wave equations. The mean orientation of the long molecules in a nematic
liquid crystal is described by a unit vectors n = n(t, x) ∈ S2, the unit sphere, where
(t, x) ∈ R+×R3, which could be modeled by below Euler-Largrangian equations derived
from the least action principle [1, 24],
(1.1) κntt + µnt +
δ
∫
W (n,∇n)
δn
= λn, n · n = 1,
where the well-known Oseen-Franck potential energy density W is given by
(1.2) W (n,∇n) = 12α(∇ · n)
2 + 12β (n · ∇ × n)
2
+ 12γ |n× (∇× n)|
2
.
Here the positive constants α, β and γ are elastic constants of the liquid crystal, corre-
sponding to splay, twist, and bend, respectively. The Lagrangian multiplier λ is deter-
mined by the constraint n · n = 1. The inertia and viscous coefficients κ and µ are two
non-negative constants, respectively.
There are many studies on the constrained elliptic system of equations for n, and on the
parabolic flow associated with it, where we refer the reader to see [2, 7, 9, 11, 13, 27]. In
particular, the one-constant elliptic model leads to the equation for harmonic maps taking
values in the two-sphere [7, 9]. One parabolic system of equations for n coupling the
compressible Navier-Stokes equations in one space dimension (1-D) has been considered
by [8].
However, for the complete hyperbolic system (1.1), only the 1-D case has been sys-
tematically studied, where the main difficulty is the possible gradient blowup. For the
1-D Cauchy problem of (1.1) with µ = 0 and κ = 1, which describes the model with
viscous effects neglected, the global weak existence and singularity formation have been
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extensively studied. In fact, for this extreme case, one example with smooth initial data
and singularity formation (gradient blowup) in finite time has been provided in [10], and
the global weak existence results have been provides in [3, 4, 28, 29, 30, 31]. In a recent
paper [5], the singularity formation (gradient blowup) and global weak existence for the
1-D Cauchy problem for the complete system (1.1) (κ and µ are non-negative constants)
with α = γ have been established. This result shows that for 1-D Cauchy problem we
should essentially expect the similar existence and regularity results for the complete
system (1.1) and the extreme case with µ = 0 and κ = 1.
Very recently, Li, Witt & Yin [17] have proved the singularity formation and studied
the life-span of the classical solution for a 2-D axisymmetric model. However, the well-
posedness for (1.1) in 2-D and 3-D is still wide open. In this paper, we consider the
life-span of the classical solution for the 3-D Cauchy problem of (1.1) with small initial
data. Note the initial data in the 1-D singularity formation examples in [5, 10] have large
C1-norm.
1.2. The Variational Wave Equation. In this paper, we focus on the 3-D Cauchy
problem of (1.1) with µ = 0 and κ = 1 and planner deformation:
(1.3)
δ
δn
∫ {
(∂tn)
2 −W (n,∇n)
}
dx dt = 0, |n| = 1,
where the planer deformation means that
(1.4) n = (n1, n2, n3) = (cos u(t, x), sinu(t, x), 0)
with the angel u = u(t, x), (t, x) ∈ R+ × R3.
Now, the variation (1.3) can be reformulated as
(1.5)
δ
δn
∫ {1
2
(nt)
2 −W (n,∇n)
}
dx dt = 0,
which gives rise to the Euler-Lagrange equation
(1.6) ∂ttni + ∂niW (n,∇n)−
3∑
j=1
∂xj
(
∂∂jniW (n,∇n)
)
= 0.
Multiplying three equations in (1.6) by − sinu and cosu, then adding them up, we can
get a variational wave equation, by (1.4) and (1.2),
(1.7) utt − c
2
1(u) ∂
2
x1
u− c22(u) ∂
2
x2
u− β ∂2x3u+ (α− γ) sin 2u ∂x1∂x2u = F (u, ∂u),
where
c1(u)
2 = α sin2 u+ γ cos2 u, c22(u) = α cos
2 u+ γ sin2 u,
and
(1.8) F (u, ∂u) =
1
2
(α− γ) sin 2u [(∂1u)
2 − (∂2u)
2]− (α − γ) cos 2u ∂1u ∂2u.
Instead of the direct calculation from (1.6), another way to derive (1.7) is from the
variational principle
δ
δu
∫ {
(∂tn)
2 −W (n,∇n)
}
dx dt = 0, |n| = 1,
where in the derivation we need to use (1.4) and
(1.9) W =
α
2
(cosu ∂x2u− sinu ∂x1u)
2 +
β
2
(∂x3u)
2 +
γ
2
(cos u ∂x1u+ sinu ∂x2u)
2.
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Since α, β, and γ are all positive constants, we can rewrite (1.7) as the following equation
by scalling
(1.10) utt −
3∑
i,j=1
aij(u(t, x))∂i∂ju = F (u, ∂u(t, x)), x ∈ R
3, t ∈ R+,
where ∂i =
∂
∂xi
, (i = 1, 2, 3) and
(1.11) A = (aij)1≤i,j≤3 =

 c
2
1(u)
1
2 (α− γ) sin 2u 0
1
2 (α− γ) sin 2u c
2
2(u) 0
0 0 1

 .
It is obvious that there exist constants M0,M1, such that
0 < M0 ≤ c
2
1(u), c
2
2(u) ≤M1.
Furthermore, A is a positive definite symmetric matrix.
In our paper, we shall study the lifespan for the variational wave equation (1.7) in
three dimensional space with small and smooth initial data
(1.12) u(0, x) = ε0f(x), ut(0, x) = ε0g(x),
where ε0 is a constant small enough, and (f, g) ∈ C
∞(R3) with compact support. We
will obtain the following almost global existence result:
Theorem 1.1. The equations (1.7) and (1.12) or equivalently (1.10) and (1.12) admit
a unique solution in C∞([0, T ⋆),R3) with
(1.13) T ⋆ ≥ C exp
1
ε0
,
where C is a constant independent of ε0.
We have already known from [5, 10] that there are 1-D gradient blowup examples when
the initial data have large C1 norm, even when the amplitude oscillation of the initial
data is small. We note that the 1-D examples are also special examples in 3-D with
initial data restricted in one space dimension. More precisely, for the blowup examples
in [5, 10], in which they also consider the planar transformation n = (cosu, sinu, 0), the
initial data u0 = u(0, x) satisfy ‖u0‖L∞ = O(ε), ‖u0‖C1 = O(1) and the blow-up time is
at O(1), where ε > 0 is an arbitrarily small number. Clearly, these singularity formation
results of [5, 10] do not conflict with our result. On the contrary, combining these two
pieces of information from [5, 10] and this paper, we have a fairly complete picture of the
smooth classical solutions for the 3-D liquid crystal equation (1.10).
We remark for the axisymmetric case. In [17], the authors have proved the singularity
formation and the lifespan for the axisymmetric case in 2-D with small data. Due to
the significant difference between 2-D and 3-D for the wave equation, for the 3-D ax-
isymmetric case,whether the solution of the equations (1.7) with small initial data form
singularity or not is still open, although the nonlinear structure of our model is similar
to the one in Lindblad [23]. We leave this case to be concerned in the future paper.
To prove Theorem 1.1, we use the generalized energy method which is popular in
analyzing wave equations. There are large amount of literatures focusing on this topic.
See [12, 14, 15, 19, 20, 22, 23] and [18] for more details. In Lei-Lin-Zhou [16], the authors
have presented a global existence for Faddeev model in both 2-D and 3-D cases, where
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the equations have a null condition structure. However, the equation (1.10) does not
have the null condition structure, so we can not get the same results.
This paper is organized as following: in the next section, we recall some well-known
results for the wave equation, and in Section 3, we shall prove our main results.
2. Preliminary
Without loss of generality, in the following we assume the positive constants α and γ
satisfy
α ≤ γ.
The proof for the case α > γ is very similar. Then, by a schedule of re-scaling, we can
rewrite the (1.10) in the following wave equation
(2.1)


✷u−
3∑
i,j=1
a¯ij(u(t, x))∂i∂ju = F¯ (u, ∂u(x, t)), x ∈ R
3, t > 0,
t = 0, u = εf, ut = εg,
here and hereafter
(2.2) ✷ = ∂2t −
3∑
i=1
∂2xi ,
and
(2.3) A¯ = (a¯ij)1≤i,j≤3 =

 c0 cos
2 u 12c0 sin 2u 0
1
2c0 sin 2u c0 sin
2 u 0
0 0 0


is positive semi-definite with c0 =
γ−α
α
≥ 0.
In the beginning, we introduce the following notations. Write
(2.4)


x0 = t,
∂0 = −∂/∂t,
∂i = ∂/∂xi,
∂ = (∂0, ∂1, ∂2, ∂3) = (−∂t, ∂1, ∂2, ∂3).
Define the first order differential operators as
(2.5) Ω = (Ωab)0≤a,b≤3,
with
(2.6) Ωab = xa∂b − xb∂a, (0 ≤ a, b ≤ 3),
and the scaling operator as
(2.7) L =
3∑
i=0
xi∂i.
Denote the vector field
(2.8) Γ = (∂,Ω, L).
It is well known that the above operators Γ have possessed a good commutation with the
wave operator ✷ = ∂2t −∆ (See also [14, 18]):
THE ALMOST GLOBAL EXISTENCE FOR A 3-D NEMATIC LIQUID-CRYSTALS EQUATION 5
Lemma 2.1. For multi-indices ς, ξ, we have
(2.9) [✷,Γξ] =
∑
|ς|≤|ξ|−1
AξςΓ
ς
✷,
where [ , ] stands for poisson bracket and Aξς are constants.
For any integer N ≥ 0, denote
(2.10) ‖v(t, ·)‖Γ,N,p =
∑
|ς|≤N
‖Γςv(t, ·)‖Lp .
Then, we have the following decay estimate
Lemma 2.2. Suppose that h = h(t, x) with (t, x) ∈ R+ × Rn is a function with compact
support in the variable x for any fixed t ≥ 0. For any integer N ≥ 0,we have
(2.11) ‖h(t, ·)‖Γ,N,∞ ≤ C(1 + t)
− 2
p (1 + |t− |x||)−
1
p ‖h(t, ·)‖Γ,N+[n
p
]+1,p,
where p ≥ 1, C is a constant.
Remark 2.1. The proof of Lemma 2.2 can be found in [21].
In order to prove Theorem 1.1, we also need the following estimate for a linear wave
equation (See [20, 22]):
Lemma 2.3. Let h(t, x) and w(t, x) be the functions with support {x||x| ≤ t+ ρ} in the
variable x for any fixed t ≥ 0, if for all norms on the right hand side of below inequality
are bounded, then holds
(2.12) ‖h∂w‖L2 ≤ Cρ‖∇h‖L2
∑
|α|≤1
‖Γαw‖L∞ .
3. the almost global existence
In this section, we will prove Theorem 1.1. Denote
(3.1) Es,T = {v = v(x, t)| sup
0≤t≤T
‖∂v‖Γ,s,2 ≤ ε, with v(0, x) = ε0f, vt(0, x) = ε0g}.
where s, ε0 and ε are given positive constants with s > 9 and ε0, ε small enough. We
shall prove our main result by finding a fixed point in Es,T . First, we give the linearized
equation of (1.10) as the following case:
(3.2)


✷u−
3∑
i,j=1
a¯ij(v(t, x))∂i∂ju = F¯ (v, ∂v(x, t)), x ∈ R
3, t > 0,
t = 0, u = ε0f, ut = ε0g,
where v ∈ Es,T is any given function. Therefore, the equation (3.2) is a linear wave
equation, which admits a unique global solution. We define a map
Mv = u.
It is sufficient to prove the map M is a contract map. To do this, we apply the operator
Γk on both side of (3.2) (here and hereafter k is a multi-indices with |k| = s). By Lemma
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2.1, we have
✷Γku−
3∑
i,j=1
a¯ij(v(t, x))∂i∂jΓ
ku(3.3)
=
∑
|α|≤|k|
CkαΓ
αF¯ (v, ∂v(x, t)) +
3∑
i,j=1
[a¯ij(v(t, x)∂i∂j ,Γ
k]u,
where [ , ] is the poisson bracket. Multiplying ∂tΓ
ku and taking integral on R3 for (3.3),
we get
1
2
d
dt
(
‖Γk∂u‖2L2(R3) +
3∑
i,j=1
∫
R3
a¯ij(v(t, x))∂iΓ
kui∂jΓ
kuidx
)
(3.4)
=
∑
|α|≤|k|
Ckα
∫
R3
ΓαF¯ (v, ∂v(x, t))∂tΓ
αudx
+
3∑
i,j=1
∫
R3
[a¯ij(v(t, x)∂i∂j ,Γ
k]u∂tΓ
kudx
+
1
2
∫
R3
∂ta¯ij(v(t, x))∂iΓ
kui∂jΓ
kuidx
−
1
2
∫
R3
∂j a¯ij(v(t, x))∂iΓ
kui∂tΓ
kuidx,
where Ckα are constants. Then, we get
‖Γk∂u‖2L2(R3) +
3∑
i,j=1
∫
R3
a¯ij(v(t, x))∂iΓ
kui∂jΓ
kuidx(3.5)
≤Cε0 + C
( ∑
|α|≤|k|
∫ t
0
∫
R3
ΓαF¯ (v, ∂v(x, t))∂tΓ
αudxdt
+
3∑
i,j=1
∫ t
0
∫
R3
[a¯ij(v(t, x),Γ
k]∂i∂ju∂tΓ
kuidxdt
+
1
2
∫
R3
∫ t
0
∂ta¯ij(v(t, x))∂iΓ
kui∂jΓ
kuidxdt
−
1
2
∫
R3
∫ t
0
∂j a¯ij(v(t, x))∂iΓ
kui∂tΓ
kuidxdt
)
=Cε0 + I + II + III + IV.
By the chain rule and lemma 2.2, we get
III + IV ≤C‖∂u‖2Γ,s,2
3∑
i,j=1
∫ t
0
‖∂a¯ij(v(t, x))‖L∞dt(3.6)
≤C‖∂u‖2Γ,s,2
∫ t
0
‖∂v‖L∞dt ≤ Cε‖∂u‖
2
Γ,s,2
∫ t
0
< τ >−1 dτ,
here and hereafter, we use the notation
< x >=
√
1 + x2.
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Recalling s > 9 and |k| = s, we have,
II ≤C
3∑
i,j=1
∫ t
0
∫
R3
∑
|β|≤|k|−1
Γβ
(
a¯ij(v(t, x))∂iju
)
∂Γkudxdt(3.7)
≤C
3∑
i,j=1
∫ t
0
∫
R3
∑
|α|≤[ |k|−1
2
]
∑
|β|≤|k|−1
(
|Γαa¯ij(v(t, x))∂ijΓ
βu|
+ |∂ijΓ
αuΓβa¯ij(v(t, x))|
)
|∂Γku|dxdt
≤C
∫ t
0
‖v‖
Γ,[ |k|
2
],∞
‖∂u‖2Γ,|k|,2 + ‖u‖Γ,[ |k|
2
],∞
‖∂u‖Γ,|k|,2‖∂v‖Γ,|k|,2dτ
≤Cε
(
|∂u‖Γ,s,2 + 1
)
‖∂u‖Γ,s,2
∫ t
0
< τ >−1 dτ,
as well as
I ≤C
∫ t
0
[ ∑
|α|≤[ |k|
2
]
(‖Γα sin 2v‖L∞ + ‖Γ
α∂v‖L∞)(3.8)
·
∑
|β|≤|k|
(‖Γβ(sin 2v∂v)‖L2 + ‖Γ
β(∂v)2‖L2)
]
dt · ‖∂u‖Γ,|k|,2
≤C
∫ t
0
(
‖v‖Γ,[k
2
]+1,∞ +O
(
‖v‖3
Γ,[k
2
]+1,∞
))2
‖∂v‖Γ,|k|,2dt · ‖∂u‖Γ,|k|,2
≤Cε2‖∂u‖Γ,s,2.
where we used the Taylor’s formula. Recalling that (a¯ij) is positive semi-definite, then
by (3.4)-(3.8), we get
‖∂u‖2Γ,s,2 ≤ Cε0 + C
′ε‖∂u‖2Γ,s,2 ln(1 + t),(3.9)
where C and C′ are constants. Then from (3.9), let T ≤ T0 ≤ e
1
2C′ε and we take the
initial data small enough such that
Cε0 <
1
4
ε≪ 1,
then
Mv = u ∈ Es,T .
One still needs to prove M is a contraction map. To do this, let v1, v2 ∈ Es,T , and then
Mvi = ui ∈ Es,T , i = 1, 2.
Subsequently, we need to estimate ‖∂u1−∂u2‖Γ,s,2. For simplicity, we write U = u1−u2,
and correspondingly, V = v1 − v2, then from equation (2.1), we have
✷U =
3∑
i,j=1
(
a¯ij(v1(t, x))∂iju1 − a¯ij(v2(t, x))∂iju2
)
(3.10)
+ F (v1, ∂v1)− F (v2, ∂v2)
=
3∑
i,j=1
(
a¯ij(v1(t, x))∂ijU
)
+
3∑
i,j=1
(
[a¯ij(v1)− a¯ij(v2)]∂iju2
)
+ F (v1, ∂v1)− F (v2, ∂v2).
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Then by the standard energy estimates, we get
‖∂U‖Γ,s,2 +
3∑
i,j=1
∫
R3
a¯ij(v1(t, x))∂iΓ
αU∂jΓ
αUdx(3.11)
≤
∑
|α|≤|k|
3∑
i,j=1
∫ t
0
∫
R3
|[a¯ij(v1)∂ij ,Γ
α]U∂tΓ
kU |dxdt
+
3∑
i,j=1
∫ t
0
∫
R3
|∂a¯ij(v1)||∂Γ
kU |2dxdt
+
3∑
i,j=1
∫ t
0
∫
R3
|Γk
(
[a¯ij(v1)− a¯ij(v2)]∂iju2
)
∂tΓ
kU |dxdt
+
∫ t
0
∫
R3
|Γk
(
F (v1, ∂v1)− F (v2, ∂v2)
)
∂tΓ
kU |dxdt
=I + II + III + IV,
where |k| = s. Recalling that v1, v2 ∈ Es,T and using Lemma 2.2, we can do similar
estimates as (3.4)-(3.8)
I + II ≤C‖∂U‖2Γ,s,2
∫ t
0
3∑
i,j=1
‖∂a¯ij(v1(t, x))‖L∞dt(3.12)
+ C
3∑
i,j=1
∫ t
0
∫
R3
∑
|α|≤[ |k|−1
2
]
∑
|β|≤|k|−1
(
|Γαa¯ij(v1(t, x))∂ijΓ
βU |
+ |∂ijΓ
αUΓβa¯ij(v1(t, x))|
)
|∂ΓkU |dxdt
≤C′′‖∂U‖2Γ,s,2 ln(1 + t).
where we used Taylor’s formula to deal with a¯ij(v1), and hereafter, C
′′ is a uniform
constant. Doing the expansion
(3.13)
(
a¯ij(v1)− a¯ij(v2)
)
=

 2 sin(v1 + v2) sinV 2 cos(v1 + v2) sinV 02 cos(v1 + v2) sinV sin(v1 + v2) sinV 0
0 0 0

 ,
we can deal with III as following
III ≤C
3∑
i,j=1
∫ t
0
∫
R3
∑
|α|≤[ |k|
2
]
∑
|β|≤|k|
(
|Γα sin(V (t, x))∂ijΓ
βu2|(3.14)
+ |∂ijΓ
αu2Γ
β sin(V (t, x))|
)
|∂ΓkU |dxdt
≤C
∫ t
0
‖∂V ‖
Γ,[ |k|
2
],∞
‖∂u2‖Γ,|k|,2 + ‖u2‖Γ,[ |k|
2
],∞
‖∂V ‖Γ,|k|,2dτ‖∂V ‖Γ,|k|,2
≤C′′ε
(
‖∂V ‖2Γ,s,2 + ‖∂U‖
2
Γ,s,2
)
ln(1 + t),
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where we use Lemma 2.3 to get the second inequality. Similarly, we can deal with IV as
IV ≤C
3∑
i,j=1
∫ t
0
∫
R3
∑
|α|≤[
|k|
2
]
∑
|β|≤|k|
(
|Γα
(
cos 2v1(t, x)∂v1
)
∂ΓβV |(3.15)
+ |∂ΓαV Γβ
(
cos 2v1∂v1
)
|+ |Γα
(
∂v2 cos 2(v1 + v2)
)
Γβ
(
∂v2 cosV
)
|
+ |Γα
(
∂v2 cosV
)
Γβ
(
∂v2 cos(v1 + v2)
)
|
)
|∂ΓkU |dxdt
≤Cε ln(1 + t)
(
1 +
∫ t
0
(
‖V ‖2
Γ,[ |k|
2
+1],∞
+ ‖V ‖4
Γ,[ |k|
2
+1],∞
)
dτ
+ C
∫ t
0
ε < τ >−1
(
1 + ε < τ >−1 + < τ >−1 ‖∂V ‖2Γ,|k|,2
)
dτ
)
‖∂V ‖2Γ,|k|,2
≤C′′ε ln(1 + t)‖∂V ‖2Γ,s,2 + C
′′ < t >−1 ‖∂V ‖4Γ,s,2 .
Then from (3.11)- (3.15), we have
‖∂U‖2Γ,s,2 +
3∑
i,j=1
∫
R3
a¯ij(v1(t, x))∂iΓ
αU∂jΓ
αUdx(3.16)
≤C′′ε ln(1 + t)‖∂V ‖2Γ,s,2 + C
′′ε ln(1 + t)‖∂U‖2Γ,s,2 + C
′′ < t >−1 ‖∂V ‖4Γ,s,2 .
Let T ≤ T1 ≤ e
1
4C′′ε , then there holds
(3.17) ‖∂U‖2Γ,s,2 +
3∑
i,j=1
∫
R3
a¯ij(v1(t, x))∂iΓ
αU∂jΓ
αUdx ≤
3
4
‖∂V ‖2Γ,s,2 .
Combining (3.9) and (3.17), take T ≤ min{T0, T1}, we get the desired result.
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